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CARTAN SUBALGEBRAS AND THE UCT PROBLEM
SELC¸UK BARLAK AND XIN LI
Abstract. We show that a separable, nuclear C*-algebra satisfies the UCT if it has a Cartan
subalgebra. Furthermore, we prove that the UCT is closed under crossed products by group
actions which respect Cartan subalgebras. This observation allows us to deduce, among other
things, that a crossed product O2 ⋊α Zp satisfies the UCT if there is some automorphism γ
of O2 with the property that γ(D2) ⊆ O2 ⋊α Zp is regular, where D2 denotes the canonical
masa of O2. We prove that this condition is automatic if γ(D2) ⊆ O2 ⋊α Zp is not a masa
or α(γ(D2)) is inner conjugate to γ(D2). Finally, we relate the UCT problem for separable,
nuclear, M2∞-absorbing C*-algebras to Cartan subalgebras and order two automorphisms of
O2.
1. Introduction
As defined by Rosenberg and Schochet in [23], a separable C*-algebra A is said to satisfy the
universal coefficient theorem (UCT) if for every separable C*-algebra A′, the following sequence
is exact
0→ Ext (K∗(A), K∗−1(A
′))→ KK∗(A,A
′)→ Hom(K∗(A), K∗(A
′))→ 0,
where the right hand map is the natural one and the left hand map is the inverse of a map
that is always defined. They showed that a separable C*-algebra satisfies the UCT if and
only if it is KK-equivalent to a commutative C*-algebra. The class of separable, nuclear C*-
algebras satisfying the UCT is called the bootstrap category, denoted N , and can alternatively
be characterized as the smallest class of separable, nuclear C*-algebras that contains C and
is closed under countable inductive limits, the two out of three property for extensions, and
KK-equivalences, see [2].
Many natural constructions of C*-algebras are known to preserve the bootstrap category.
For example, it follows from work of Cuntz [4] that N is stable under taking crossed products
by Z. Moreover, Fack and Skandalis’s result that the Connes’ Thom isomorphism is a KK-
equivalence yields that the bootstrap category is also stable under taking crossed by R, see
[7]. In his remarkable paper [26], Tu has proven that all C*-algebras associated with Haus-
dorff, locally compact, second countable, amenable groupoids satisfy the UCT. This is a huge
class of C*-algebras and includes for example all transformation group C*-algebras associated
with countable groups acting amenably on locally compact, second countable spaces. Whereas
Skandalis has given in [24] an example of an exact, non-nuclear C*-algebra not satisfying the
UCT, it remains a major open question whether all separable, nuclear C*-algebras satisfy the
UCT. This question is often referred to as the UCT problem.
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Like for groups, a twisted groupoid (G,Σ) of two topological groupoids G and Σ is a central
groupoid extension
T×G(0)֌ Σ։ G.
Given a twisted groupoid (G,Σ), and provided that G is Hausdorff, locally compact, second
countable and possesses a Haar system, one can form the reduced C*-algebra C∗r (G,Σ), see for
example [12, 13, 20]. Our first main result is the following:
Theorem 1.1. Assume that (G,Σ) is a twisted groupoid with G e´tale, Hausdorff, locally com-
pact, second countable. If C∗r (G,Σ) is nuclear, then it satisfies the UCT.
The proof of this theorem relies heavily on Tu’s results and techniques. To make these
applicable to our setup, we make use of recent results by Takeishi [25] and by van Erp and
Williams [5].
Restricting to topologically principal groupoids, our result also covers the case of separable,
nuclear C*-algebras admitting a Cartan subalgebra in the sense of Renault, see [20]. Recall
that a Cartan subalgebra B of a C*-algebra A is a regular masa that contains an approximate
identity for A and admits a faithful conditional expectation A ։ B, see Section 2. Renault’s
remarkable result in [20] states that up to isomorphism every Cartan pair (A,B) arises as
the reduced C*-algebra of a twisted groupoid (G,Σ) with G e´tale, Hausdorff, locally compact,
second countable and topologically principal, and with the Cartan subalgebra being the algebra
of continuous functions vanishing at infinity on the unit space G(0). Conversely, every such pair
(C∗r (G,Σ), C0(G
(0))) is shown to be a Cartan pair. As a consequence, we obtain:
Corollary 1.2. Let A be a separable and nuclear C*-algebra. If A has a Cartan subalgebra,
then A satisfies the UCT.
In combination with results by Katsura [9] and Yeend [28, 29], Corollary 1.2 in particular
implies that a Kirchberg algebra satisfies the UCT if and only if it admits a Cartan subalgebra,
see Remark 3.3.
The aim of the second part of this paper is to provide a first step towards a better under-
standing of the connection between Cartan subalgebras and the UCT problem. Over the years,
several reformulations of the UCT problem have been established. As outlined in [2, 23.15.12],
the UCT problem has a positive answer if and only if N is closed under crossed products by
the circle group T. A deep result of Kirchberg states that every separable, nuclear C*-algebra
is KK-equivalent to a Kirchberg algebra, see [10, Theorem I]. Building upon this result, one
can show that the UCT problem reduces to the question whether every crossed product of O2
by an outer Zp-action, with p prime, satisfies the UCT, see [1, Theorem 4.17].
Having in mind the characterization of the UCT problem in terms of finite cyclic group
actions on O2 and considering Theorem 1.1, it is natural to ask the following question:
Question 1.3. Let (A,B) be a Cartan pair with A separable and nuclear, and let α ∈ Aut (A)
be of finite order, say n. When does A⋊α Zn satisfy the UCT?
This question is addressed in the second part of the paper and some partial answer will
be given. As the formulation of our main result in this direction would be rather technical,
we restrict at this point to reduced C*-algebras associated with minimal and purely infinite
groupoids in the sense of Matui, see [16].
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Theorem 1.4. Let G be an e´tale, Hausdorff, locally compact, second countable, topologically
principal groupoid that is minimal, purely infinite and amenable, and that has the property that
G(0) is homeomorphic to the Cantor set. Let p be a prime number and α : Zp y C
∗
r (G) an
action. Suppose that there exists an automorphism γ ∈ Aut (C∗r (G)) such that γ(C(G
(0))) is a
regular sub-C∗-algebra of C∗r (G)⋊α Zp. Then C
∗
r (G)⋊α Zp satisfies the UCT.
Theorem 1.4 also applies to the Cartan pair (O2,D2), where D2 denotes the canonical masa of
O2, and therefore relates to the UCT problem. If γ(C(G
(0))) ⊆ C∗r (G)⋊αZp is a masa, then the
claim follows from Corollary 1.2. In order to handle the case that γ(C(G(0))) ⊆ C∗r (G)⋊α Zp is
not a masa, we make use of the following two results, which should be of independent interest.
The first one holds in greater generality than stated here.
Theorem 1.5. Let G be an e´tale, Hausdorff, locally compact, second countable, topologically
principal groupoid that is minimal and purely infinite, and that has the property that G(0) is
homeomorphic to the Cantor set. Let p be a prime number and α : Zp y A an action. Then
the following are equivalent:
(i) C(G(0)) ⊆ C∗r (G)⋊α Zp is not a masa.
(ii) α is exterior equivalent to a Zp-action fixing C(G
(0)) pointwise.
Proposition 1.6. Let A be a separable C*-algebra and assume that B ⊆ A is a Cartan sub-
algebra. Let Γ be a countable group acting on A such that B is globally invariant under this
action.
If A⋊r Γ is nuclear, then A⋊r Γ satisfies the UCT.
The proof of the second result again uses Renault’s characterization of A as a reduced twisted
groupoid C*-algebra C∗r (G,Σ). The Γ-action on A gives rise to actions on G and Σ, and we
identify the reduced crossed product A⋊rΓ as the reduced C*-algebra of the twisted semidirect
product groupoid (G⋉ Γ,Σ⋉ Γ). Proposition 1.6 then follows from Theorem 1.1.
In the special case of outer strongly approximately inner Z2-actions on O2 in the sense of [8,
Definition 3.6], we obtain an equivalent characterization for the UCT of the associated crossed
products:
Theorem 1.7. Let β : Z2 y O2 be outer strongly approximately inner. O2 ⋊β Z2 satisfies the
UCT if and only if there exists a Cartan subalgebra in O2 which is fixed by β pointwise.
Combining Proposition 1.6 and Theorem 1.7 with Izumi’s classification of outer strongly
approximately inner Z2-actions on O2 (see [8, Theorem 4.8]), we provide the following new
characterization of the UCT problem for separable, nuclear C*-algebras that areKK-equivalent
to their M2∞-stabilization:
Theorem 1.8. The following statements are equivalent:
(i) Every separable, nuclear C*-algebra A that is KK-equivalent to A ⊗M2∞ satisfies the
UCT.
(ii) For every unital, M2∞-absorbing Kirchberg algebra A in Cuntz standard form, there
exists a strongly approximately inner action β : Z2 y O2 and a Cartan subalgebra
B ⊆ O2 such that O2 ⋊β Z2 ∼= A and β fixes B pointwise.
(iii) Every outer strongly approximately inner Z2-action on O2 fixes some Cartan subalgebra
B ⊆ O2 pointwise.
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(iv) Every outer strongly approximately inner Z2-action on O2 fixes some Cartan subalgebra
B ⊆ O2 globally.
The paper is organized as follows. In Section 2, we mainly recall Renault’s construction
of a twisted groupoid associated with a Cartan pair. In Section 3, we prove Theorem 1.1,
Corollary 1.2 and Proposition 1.6. In Section 4, we first make some observations about the
interplay of masas and automorphisms of C*-algebras with an emphasis on masas with totally
disconnected spectrum. We then prove (generalizations of) Theorem 1.5 and 1.4. In Section 5,
we prove Theorem 1.7 and Theorem 1.8.
2. Preliminaries
Definition 2.1 ([20, Definition 5.1]). A sub-C*-algebra B of a C*-algebra A is called a Cartan
subalgebra if
(i) B contains an approximate identity of A;
(ii) B is maximal abelian;
(iii) B is regular, i.e., NA(B) := {n ∈ A: nBn∗ ⊆ B and n∗Bn ⊆ B} generates A as a C*-
algebra;
(iv) there exists a faithful conditional expectation P : A։ B.
A pair (A,B), where B is a Cartan subalgebra of a C*-algebra A, is called a Cartan pair.
Renault shows that every Cartan pair (A,B), with A separable, arises – up to isomor-
phism – from a twisted e´tale Hausdorff locally compact second countable topologically principal
groupoid. Let us present a few more details:
Definition 2.2. A twisted groupoid (G,Σ) consists of two topological groupoids G and Σ,
together with a central groupoid extension
T×G(0)֌ Σ։ G
where T is the circle group.
In the following, we always denote by r and s the range and source map of a given groupoid.
Remark 2.3. For later purposes, let us briefly explain the construction of the reduced C*-
algebra C∗r (G,Σ) of a twisted groupoid (G,Σ), under the assumption that G is locally compact,
Hausdorff, second countable and possesses a Haar system
{
λx: x ∈ G
(0)
}
. Details can be found
at the beginning of [20, § 4]. On
Cc(G,Σ) = {f ∈ Cc(Σ,C): f(zσ) = f(σ)z¯ for all σ ∈ Σ, z ∈ T} ,
define convolution and involution via the formulas
f ∗ g(σ) =
∫
f(στ−1)g(τ)dλs(σ)(τ˙ ) and f
∗(σ) = f(σ−1).
Here τ˙ ∈ G denotes the image of τ ∈ Σ under the surjection Σ ։ G. With these operations,
Cc(G,Σ) turns into a ∗-algebra. For x ∈ G(0), consider the Hilbert space
Hx =
{
ξ : Σx → C: ξ(zσ) = ξ(σ)z¯, [σ˙ 7→ |ξ(σ˙)|
2] measurable,
∫
|ξ(σ˙)|2 dλx(σ˙) <∞
}
,
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and let πx denote the ∗-representation of Cc(G,Σ) on Hx given by
πx(f)ξ(σ) =
∫
f(στ−1)ξ(τ)dλx(τ˙).
Now, C∗r (G,Σ) is the completion of Cc(G,Σ) with respect to the norm ‖f‖ = sup
x∈G(0)
‖πx(f)‖.
Definition 2.4. A topological groupoid G is e´tale if the range and source maps are local home-
omorphisms from G onto G(0).
If G is e´tale, then there always exists a Haar system (counting measures) on G, and there is
a canonical embedding C0(G
(0)) →֒ C∗r (G,Σ).
Definition 2.5. A topological groupoid G is topologically principal if the set of points of
G(0) with trivial isotropy is dense in G(0), where x ∈ G(0) is said to have trivial isotropy if
{γ ∈ G: r(γ) = s(γ) = x} = {x}.
Definition 2.6. A twisted groupoid (G,Σ) is called a twisted e´tale Hausdorff locally compact
second countable topologically principal groupoid if G is e´tale, Hausdorff, locally compact, second
countable and topologically principal.
With these notations, we are now ready to state Renault’s theorem:
Theorem 2.7 ([20, Theorem 5.2 and Theorem 5.9]). Cartan pairs (A,B), where A is a sepa-
rable C*-algebra, are precisely of the form (C∗r (G,Σ), C0(G
(0))), where (G,Σ) is a twisted e´tale
Hausdorff locally compact second countable topologically principal groupoid.
Remark 2.8. For later purposes, let us briefly explain how (G,Σ) is constructed out of
(A,B). Set X := Spec (B). By [20, Proposition 4.7], for every n ∈ NA(B) there exists
a partial homeomorphism αn : dom (n) → ran (n), where dom (n) = {x ∈ X : n
∗n(x) > 0}
and ran (n) = {x ∈ X : nn∗(x) > 0}, such that n∗bn(x) = b(αn(x))n∗n(x) for all b ∈ B
and x ∈ dom (n). Here we use the canonical identification B ∼= C0(X). Define the pseu-
dogroup G(B) := {αn: n ∈ NA(B)} on X . Let G(B) be the groupoid of germs of G(B), i.e.,
G(B) = {[x, αn, y]: n ∈ NA(B), y ∈ dom (n), x = αn(y)}. Here [x, αn, y] = [x, αn′ , y] if there
exists an open neighbourhood V of y in X such that αn|V = αn′|V . To describe the twist, set
D := {(x, n, y) ∈ X ×NA(B)×X : y ∈ dom (n), x = αn(y)} and define Σ(B) := D/∼, where
(x, n, y) ∼ (x′, n′, y′) if y = y′ and there exist b, b′ ∈ B with b(y), b′(y) > 0 and nb = n′b′. G(B)
and Σ(B) are topological groupoids (see [20] for details), and the canonical homomorphism
Σ(B)→ G(B), [x, n, y] 7→ [x, αn, y], yields the central extension
T×X ֌ Σ(B)։ G(B).
We can now identify (A,B) with (C∗r (G(B),Σ(B)), C0(X)) as follows. For a ∈ NA(B), the
function aˆ : D → C, aˆ(x, n, y) = P (n∗a)(y)/
√
n∗n(y), gives rise to a well-defined, continuous
map aˆ : Σ(B) → C. If aˆ has compact support, then aˆ ∈ Cc(G(B),Σ(B)). It is shown
in [20, § 5] that the linear map span({a ∈ NA(B): supp(aˆ) compact}) → Cc(G(B),Σ(B)),
a 7→ aˆ is an isometric ∗-isomorphism and hence extends uniquely to a Cartan isomorphism
(A,B) ∼= (C∗r (G(B),Σ(B)), C0(X)).
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3. The UCT for nuclear C*-algebras with a Cartan subalgebra
In this section, we show that a separable, nuclear C*-algebra satisfies the UCT if it is isomor-
phic to the reduced C*-algebra of a twisted e´tale Hausdorff locally compact second countable
groupoid. In particular, applying Renault’s characterization of Cartan pairs, we conclude that a
separable, nuclear C*-algebra satisfies the UCT if it admits a Cartan subalgebra. Furthermore,
we show that a nuclear C*-algebra satisfies the UCT if it can be written as a crossed product
C*-algebra A⋊α,r Γ, where A is a separable C*-algebra admitting a Cartan subalgebra B, Γ a
countable, discrete group, and α an action of Γ on A leaving B globally invariant.
For the definition of groupoid actions on C*-algebras and groupoid crossed products, we refer
the reader to [17, § 10]. For a definition of proper groupoid actions on topological spaces and
C*-algebras, the reader may consult [27, § 1] and [26, § 1].
Theorem 3.1. Assume that (G,Σ) is a twisted e´tale Hausdorff locally compact second countable
groupoid. If C∗r (G,Σ) is nuclear, then it satisfies the UCT.
Proof. We start with the following result (see [5, Proposition 5.1]): There is a Hilbert C0(G
(0))-
module H and a G-action on A = K(H) such that A⋊rG is Morita equivalent to C
∗
r (G,Σ). In
particular, A is a C0(G
(0))-algebra, with fibre Ax = K(H(x)). Here, H(x) is the Hilbert space
arising as the pushout of H by the evaluation map at x, evx : C0(G
(0)) → C. Indeed, A is a
C0(G
(0))-algebra in this way as there is a topology on H =
⊔
x∈G(0) H(x) turning H ։ G
(0)
into a continuous Hilbert bundle such that H is isomorphic to the space of continuous sections
vanishing at infinity Γ0(G
(0);H ), see [6, Theorem II.13.18].
If C∗r (G,Σ) is nuclear, then by [25, Theorem 5.4], G must be amenable.
Since G is amenable, it acts properly on a continuous field H of affine Euclidean spaces
by [26, Lemme 3.5]. Hence, by [26, § 9], there exists a G-action on a C*-algebra A(H) and
η ∈ KKG(C0(G(0)),A(H)), D ∈ KKG(A(H), C0(G(0))) such that η ⊗A(H) D = 1C0(G(0)). An
explicit construction of the C*-algebra A(H) appears in [26, § 7]. Moreover, by [26, Lemme 7.2]
the G-action on A(H) is proper. This means that there is a proper G-space Z (constructed in
[26, § 6]) such that A(H) is a Z ⋊ G-algebra. Hence, A(H)⊗C0(G(0)) A is a Z ⋊ G-algebra as
well.
Using the canonical homomorphisms
KKG(A(H), C0(G
(0)))→ KKG(A(H)⊗C0(G(0)) A, C0(G
(0))⊗C0(G(0)) A)
and
KKG(C0(G
(0)),A(H))→ KKG(C0(G
(0))⊗C0(G(0)) A,A(H)⊗C0(G(0)) A)
(see [15, Definition 6.2]) which we denote by τA, we obtain τA(η) ⊗A(H)⊗
C0(G
(0))
A τA(D) = 1A
in KKG(A,A). Now set y := jG(τA(η)) ∈ KK(A ⋊r G, (A(H) ⊗C0(G(0)) A) ⋊r G) and x :=
jG(τA(D)) ∈ KK((A(H)⊗C0(G(0))A)⋊rG,A⋊rG), where jG is the descent homomorphism, see
[14, §7.2]. Then yx = 1A⋊rG in KK(A⋊rG,A⋊rG). Using thatA⋊rG is Morita equivalent to
C∗r (G,Σ), [2, Corollary 23.10.8] now yields that it suffices to show that (A(H)⊗C0(G(0))A)⋊rG
satisfies the UCT.
We now follow the argument in [26, § 10]. It is shown in the proof of [26, Lemme 10.6]
that there are Z ⋊ G-subalgebras A(H)ε, ε > 0, of A(H) such that A(H) =
⋃
ε>0A(H)ε. In
addition, for every x ∈ G(0), the fibre (A(H)ε)x is type I. Therefore, A(H)ε ⊗C0(G(0)) A, ε > 0,
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are Z⋊G-subalgebras ofA(H)⊗C0(G(0))A such thatA(H)⊗C0(G(0))A =
⋃
ε>0A(H)ε ⊗C0(G(0)) A.
For every x ∈ G(0), the corresponding fibre of A(H)ε⊗C0(G(0))A is given by (A(H)ε)x⊗Ax, and
since (A(H)ε)x is type I and Ax = K(H(x)), this means that every fibre
(
A(H)ε ⊗C0(G(0)) A
)
x
is type I. As Z ⋊G is a proper groupoid (see [26, § 1]), we can apply [26, Proposition 10.3] and
obtain that(
A(H)ε ⊗C0(G(0)) A
)
⋊rG ∼=
((
A(H)ε ⊗C0(G(0)) A
)
⋊r Z
)
⋊rG ∼=
(
A(H)ε ⊗C0(G(0)) A
)
⋊r(Z⋊G)
is type I. Therefore, (A(H) ⊗C0(G(0)) A) ⋊r G =
⋃
ε>0
(
A(H)ε ⊗C0(G(0)) A
)
⋊r G satisfies the
UCT, being an inductive limit of type I C*-algebras. 
Note that in Theorem 3.1, we did not need to assume that G is topologically principal.
However, restricted to that case, Theorem 3.1 gives in combination with Theorem 2.7 the
following
Corollary 3.2. Let A be a separable and nuclear C*-algebra. If A has a Cartan subalgebra,
then A satisfies the UCT.
Remark 3.3. Every UCT Kirchberg algebra has a Cartan subalgebra. That follows from [9,
Thereom C] and [28, 29], see also [21]. As every separable, nuclear C*-algebra is KK-equivalent
to a Kirchberg algebra by [10, Theorem I], we therefore conclude that the UCT problem has a
positive answer if and only if every Kirchberg algebra admits a Cartan subalgebra.
Proposition 3.4. Let A be a separable C*-algebra admitting a Cartan subalgebra B ⊆ A. Let
Γ be a countable group acting on A via Γ×A→ A, (γ, a) 7→ γ.a. Assume that for every γ ∈ Γ,
γ.B = B.
If A⋊r Γ is nuclear, then A⋊r Γ satisfies the UCT.
Proof. By assumption Γ y A restricts to a Γ-action Γ y B. Dualizing, we obtain a Γ-
action Γ y X denoted by Γ × X → X, (γ, x) 7→ γ.x, such that (γ.b)(x) = b(γ−1.x) for all
b ∈ B, x ∈ X . Here we use the canonical identification B ∼= C0(X). By Theorem 2.7, we
know that (A,B) ∼= (C∗r (G,Σ), C0(X)) for a uniquely determined twist (G,Σ). Looking at the
construction of (G,Σ) in Remark 2.8, it is obvious that we have Γ-actions Γy G, Γy Σ given
by γ.[x, αn, y] = [γ.x, αγ.n, γ.y] and γ.[x, n, y] = [γ.x, γ.n, γ.y].
Moreover, under the identification (A,B) ∼= (C∗r (G,Σ), C0(X)), γ.f(σ) = f(γ
−1.σ) for all
γ ∈ Γ, σ ∈ Σ, and f ∈ Cc(G,Σ). Indeed, this follows from Remark 2.8, as if a ∈ NA(B) and aˆ
has compact support, then
aˆ([γ−1.x, γ−1.n, γ−1.y]) = P ((γ−1.n)∗a)(γ−1.y)/
√
γ−1.(n∗n)(γ−1.y)
= (γ.P (γ−1.(n∗γ.a)))(y)/
√
n∗n(y) = γ̂.a([x, n, y]).
The last equality follows from the fact that P is the unique conditional expectation from A
onto B, see [20, Corollary 5.10].
Clearly, the canonical projection Σ → G is Γ-equivariant. We now form semidirect prod-
ucts: Let Γ ⋉ G be the groupoid with underlying set Γ × G, multiplication (γ, g)(γ′, g′) =
(γγ′, (γ′−1.g)g′), and inversion (γ, g)−1 = (γ−1, γ.g−1). Note that s((γ, g)) = (e, s(g)) and
r((γ, g)) = (e, γ.r(g)), which implies that (Γ ⋉ G)(0) = {e} × G(0) ∼= X . Similarly, let Γ ⋉ Σ
be the groupoid with underlying set Γ×Σ, multiplication (γ, σ)(γ′, σ′) = (γγ′, (γ′−1.σ)σ′), and
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inversion (γ, σ)−1 = (γ−1, γ.σ−1). Both, Γ ⋉ G and Γ ⋉ Σ are topological groupoids when
equipped with the respective product topologies. As before, the homomorphism Γ ⋉ Σ →
Γ⋉G, (γ, σ)→ (γ, σ˙), yields an extension
T×X ֌ Γ⋉ Σ։ Γ⋉G.
One checks that (Γ ⋉ G,Γ ⋉ Σ) is indeed a twisted e´tale Hausdorff locally compact second
countable groupoid. Observe also that
Cc(Γ⋉G,Γ⋉ Σ) = {φ ∈ Cc(Γ⋉ Σ,C): φ(γ, zσ) = φ(γ, σ)z¯ for all z ∈ T} .
Our goal is to show that C∗r (Γ⋉G,Γ⋉Σ)
∼= A⋊rΓ. By Theorem 3.1, it then follows that A⋊rΓ
satisfies the UCT. More precisely, we show that the linear map Cc(Γ ⋉ G,Γ ⋉ Σ) → Cc(Γ, A)
determined by δγ ⊗ f 7→ δγ ∗ f , where f ∈ Cc(G,Σ), is an isometric ∗-isomorphism and hence
extends to an isomorphism C∗r (Γ⋉G,Γ⋉ Σ)
∼= A⋊r Γ.
For x ∈ X , let πx denote the representation of Cc(G,Σ) introduced in Section 2. We denote
by (Γ⋉π)x the analogous representation associated with the twisted groupoid (Γ⋉G,Γ⋉Σ) on
the Hilbert space Kx. Moreover, let π˜x denote the unique representation of A on Hx extending
πx. By definition,
‖δγ ⊗ f‖C∗r (Γ⋉G,Γ⋉Σ) = supx∈X
‖(Γ⋉ π)x(δγ ⊗ f)‖ .
Moreover,
‖δγ ∗ f‖A⋊rΓ = sup
x∈X
‖(π˜x ⋊ Γ)(δγ ∗ f)‖ ,
where π˜x⋊Γ denotes the integrated form associated with π˜x. To see this, note that {πx: x ∈ X}
is a continuous field of representation when H =
⊔
x∈X Hx carries the unique continuous
Hilbert bundle structure such that Cc(G,Σ) constitutes a fundamental family of continuous
sections. The induced representation π˜ of A on the Hilbert C0(X)-module Γ0(X ;H ) is faithful,
and the norm on A ⋊r Γ is therefore induced from the representation π˜ ⋊ Γ. However, π˜ ⋊ Γ
itself is induced from the continuous field {π˜x ⋊ Γ: x ∈ X}.
Let U : Hx ⊗ ℓ2Γ→ Kx be the unitary determined by ξ ⊗ δi 7→ δi ⊗ ξ. We will show that
U∗(Γ⋉ π)x(δγ ⊗ f)U = (π˜x ⋊ Γ)(δγ ∗ f),
which then yields the desired isomorphism C∗r (Γ⋉G,Γ⋉ Σ)
∼= A⋊r Γ. We compute
(Γ⋉ π)x(δγ ⊗ f)U(ξ ⊗ δi)(j, σ) = (Γ⋉ π)x(δγ ⊗ f)(δi ⊗ ξ)(j, σ)
=
∑
(k,τ˙)∈(Γ⋉G)x
(δγ ⊗ f)((j, σ)(k, τ)
−1)(δi ⊗ ξ)(k, τ) =
∑
(k,τ˙)
(δγ ⊗ f)((jk
−1, k.(στ−1))δi,kξ(τ)
=
∑
(k,τ˙)
δγ,jk−1δi,kf(k.(στ
−1))ξ(τ) = δγi ⊗ πx(i
−1.f)(ξ)(j, σ).
Therefore, (Γ⋉ π)x(δγ ⊗ f)U(ξ⊗ δi) = δγi⊗ πx(i−1.f)(ξ). By definition of the integrated form,
we also have
U((π˜x ⋊ Γ)(δγ ∗ f)(ξ ⊗ δi)) = U((1⊗ λγ)πx(i
−1.f)(ξ)⊗ δi) = U(πx(i
−1.f)(ξ)⊗ δγi)
= δγi ⊗ πx(i
−1.f)(ξ).
Thus, U∗(Γ⋉ π)x(δγ ⊗ f)U = (π˜x ⋊ Γ)(δγ ∗ f), and the proof is complete. 
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Remark 3.5. Let (A,B) be a Cartan pair with A separable and (G,Σ) the unique twist as in
Theorem 2.7 such that (A,B) ∼= (C∗r (G,Σ), C0(G
(0))). The proof of Proposition 3.4 also shows
that any automorphism α ∈ Aut (A) satisfying α(B) = B is induced by an isomorphism of the
twist (G,Σ).
4. Crossed products by finite cyclic groups
Let A be a C∗-algebra, B ⊆ A a masa, and α ∈ Aut (A) an automorphism. Define
FB,α := {x ∈ A: xb = α(b)x for all b ∈ B} .
This is a closed sub-vectorspace of A with α(B)FB,αB ⊆ FB,α (with equality, if B contains an
approximate unit for A). In fact, for x ∈ FB,α and d, e, f ∈ B,
α(e)xfd = α(e)α(d)xf = α(d)α(e)xf.
Furthermore, F ∗B,α = Fα(B),α−1 , since xb = α(b)x if and only if x
∗α(b)∗ = b∗x = α−1(α(b)∗)x∗.
Also note that for x ∈ FB,α and b ∈ B,
x∗xb = x∗α(b)x = bx∗x and xx∗α(b) = α(b)xx∗,
showing that x∗x ∈ B and xx∗ ∈ α(B). If β ∈ Aut (A) is another automorphism, then
β(FB,α) = Fβ(B),βαβ−1 . In particular, α(FB,α) = Fα(B),α.
Assume now that αn = id. The definition of FB,α is exactly made for the purpose of charac-
terizing when a masa B ⊆ A is also a masa in A⋊αZn. The following statement holds in greater
generality, but as we are only concerned with finite order automorphisms, we restrict to this
case. In the following, let t be the unitary in (the multiplier algebra of) A⋊α Zn implementing
the Zn-action α.
Proposition 4.1. Let A be a C∗-algebra, B ⊆ A a masa, and α : Zn y A an action. Then
B ⊆ A⋊α Zn is a masa if and only if FB,αk = 0 for k = 1, . . . , n− 1.
Proof. Let a =
∑n−1
k=0 t
kxk ∈ A⋊α Zn. Then
0 = [a, b] =
n−1∑
k=0
[tkxk, b] =
n−1∑
k=0
tk(xkb− α
−k(b)xk)
for all b ∈ B if and only if xk ∈ FB,α−k for k = 0, . . . , n− 1. Now B ⊆ A⋊α Zn is a masa if and
only if A⋊α Zn ∩ B′ = B. This is exactly the case if FB,αk = 0 for k = 1, . . . , n− 1. 
One instance where B ⊆ A⋊α Zn is not a masa is when α restricts to the identity on B. In
this section, we will see that for a certain class of masas with totally disconnected spectrum
the converse is also true, at least when passing to an appropriate cocycle perturbation of α.
We then use this to show the UCT for the crossed products associated with such actions. This
needs some preparation first.
Lemma 4.2. Let A be a C∗-algebra, B ⊆ A a masa, and α ∈ Aut (A). Then every y ∈ FB,α
satisfies yy∗ = α(y∗y).
Proof. We have seen that yy∗, α(y∗y) ∈ α(B). Set X := Spec (α(B)). Assume that yy∗ 6=
α(y∗y). We may assume that there exists a non-empty open subset U ⊆ X with the property
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that yy∗(u) < α(y∗y)(u) for all u ∈ U . Choose h ∈ B positive with norm one such that
α(h) ∈ α(B) ∼= C0(X) has support in U . Set x := yh1/2 and observe that
xx∗ = yhy∗ = α(h)yy∗ ∈ α(B) and x∗x = h1/2y∗yh1/2 = hy∗y ∈ B,
yielding α(x∗x) = α(h)α(y∗y) ∈ α(B). By construction of h, 0 ≤ xx∗(u) < α(x∗x)(u) for all
u in the interior of supp (α(h)) ⊆ U and xx∗(u) = α(x∗x)(u) = 0 for all other u ∈ X . In
particular, ‖xx∗‖ < ‖α(x∗x)‖ = ‖x∗x‖, which is not possible. Hence, yy∗ = α(y∗y). 
As we shall see next, partial isometries occurring in the polar decomposition of elements in
FB,α implement α locally.
Lemma 4.3. Let A be a C*-algebra, B ⊆ A a masa, α ∈ Aut (A), and y ∈ FB,α. Let y = v|y|
be the polar decomposition in A∗∗. Then the ∗-homomorphism given by adjoining with v,
Ad (v) : y∗yBy∗y → α(y∗yBy∗y),
coincides with the restriction of α.
Proof. Let b ∈ B be a positive element. Then
Ad (v)(y∗yby∗y) = y|y|b|y|y∗ = y|y|b1/2(y|y|b1/2)∗.
Now |y|b1/2 ∈ B, and therefore y|y|b1/2 ∈ FB,α. Using Lemma 4.2 and the fact that y∗y ∈ B,
we conclude that
Ad (v)(y∗yby∗y) = α((y|y|b1/2)∗y|y|b1/2) = α(b1/2(y∗y)2b1/2) = α(y∗yby∗y).

If v ∈ FB,α happens to be a partial isometry, then the ∗-homomorphism in Lemma 4.3
is implemented by v ∈ A and α restricts to Ad (v) : v∗vBv∗v → vv∗α(B)vv∗. In the light
of Lemma 4.3, it is therefore interesting to know whether FB,α contains non-trivial partial
isometries. We present the following sufficient criterion.
Lemma 4.4. Let A be a C∗-algebra, B ⊆ A a masa, α ∈ Aut (A), and let X = Spec (B). Let
x ∈ FB,α and denote by f ∈ C0(X) the positive function corresponding to x∗x ∈ B ∼= C0(X).
For every clopen subset V of the open support of f , there exists a partial isometry v ∈ FB,α
such that v∗v is the characteristic function of V .
Proof. We may assume that V is non-empty. Let e ∈ B denote the characteristic function of
V , and set
g(t) :=
{
f(t)−1/2 , if t ∈ V,
0 , otherwise.
Then g ∈ B is positive, y := xg ∈ FB,α and satisfies y∗y = gx∗xg = ef−1/2ff−1/2e = e. 
As an immediate consequence, we have the following important observation.
Corollary 4.5. Let A be a C∗-algebra, B ⊆ A a masa, and α ∈ Aut (A). Assume that the
spectrum of B is totally disconnected. If FB,α 6= 0, then FB,α contains a non-trivial partial
isometry.
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Definition 4.6. Recall that an α-cocycle for a discrete group action α : Γ y A is a map
u : Γ→ U(M(A)) satisfying uγγ′ = uγαγ(uγ′) for all γ, γ′ ∈ Γ. Given an α-cocycle u, we define
the perturbed Γ-action αu via αuγ = Ad (uγ) ◦ αγ. Two actions α and β are called exterior
equivalent, if there exists an α-cocycle u such that β = αu. Two actions α and β are called
cocycle conjugate, if there is an α-cocycle u such that αu and β are conjugate.
The crossed products A ⋊α Γ and A ⋊αu Γ are isomorphic via an isomorphism fixing A
pointwise.
Next we show that if α is an automorphism with αn = id and B ⊆ A is a masa with
totally disconnected spectrum, then partial isometries in FB,α can be chosen to satisfy a certain
“local cocycle” condition. Observe that a unitary u ∈ U(M(A)) satisfying uα(u) . . . αn−1(u) =
1 gives rise to an α-cocycle (where α is considered as a Zn-action) via u0 := 1 and uk :=
uα(u) . . . αk−1(u) for k = 1, . . . , n− 1.
Proposition 4.7. Let A be a C∗-algebra, B ⊆ A a masa, and α : Zn y A an action. Assume
that B has totally disconnected spectrum. Given a partial isometry v ∈ FB,α, there exists
another partial isometry w ∈ FB,α with w∗w = v∗v and αn−1(w) . . . α(w) = w∗.
In particular, if A is unital and v is a unitary, then w∗ is an α-cocycle and the perturbed
action αw
∗
satisfies αw
∗
(b) = b for all b ∈ B.
Proof. For b ∈ B,
αn−1(v) . . . α(v)vb = αn−1(v) . . . α(v)α(b)v = αn(b)αn−1(v) . . . α(v)v = bαn−1(v) . . . α(v)v.
As B ⊆ A is a masa, this shows that αn−1(v) . . . α(v)v ∈ B. Using Lemma 4.2 n times, we
compute
αn−1(v) . . . α(v)vv∗α(v)∗ . . . αn−1(v)∗ = αn−1(v) . . . α(v)α(v∗v)α(v)∗ . . . αn−1(v)∗
= αn−1(v) . . . α2(v)α(vv∗)α2(v)∗ . . . αn−1(v)∗ = αn−1(vv∗) = v∗v.
Thus, f := (αn−1(v) . . . α(v)v)∗ is a local unitary with source and range projection p = v∗v.
Since Spec (B) is totally disconnected, we find b ∈ B ∼= C0(Spec (B)) with f = bn. Then
w := vb ∈ FB,α satisfies
w∗w = b∗v∗vb = b∗pb = p.
By repeatedly using the defining relation of FB,α, we also get that
αn−1(w) . . . α(w)w = αn−1(v) . . . α(v)vbn = f ∗f = p.
By Lemma 4.2,
αn−1(w) . . . α(w) = αn−1(w) . . . α(w)α(w∗w) = αn−1(w) . . . α(w)ww∗ = pw∗ = w∗,
and the proof is complete. 
Lemma 4.2 yields that v, w ∈ FB,α as in Proposition 4.7 automatically satisfy
ww∗ = α(w∗w) = α(v∗v) = vv∗.
The following observation is crucial for the proof of this section’s main result, but also
noteworthy in its own right.
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Proposition 4.8. Let A be a unital C*-algebra and B ⊆ A a masa. Assume that B has totally
disconnected spectrum, and that for every non-zero projection e ∈ B, there exists an isometry
s ∈ A such that sBs∗ ⊆ eBe. Moreover, let α be an automorphism on A with the property that
FB,α 6= 0.
Then there exists a unitary w ∈ A satisfying α|B = Ad (w)|B.
Proof. By Corollary 4.5, there exists a non-trivial partial isometry v ∈ FB,α. Set e := v∗v.
Then e ∈ B, and we have α(e) = α(v∗v) = vv∗ by Lemma 4.2. Choose an isometry s ∈ A with
sBs∗ ⊆ eBe. Define w := α(s)∗vs. Then
wbw∗ = α(s)∗v(sbs∗)v∗α(s) = α(s)∗α(sbs∗)vv∗α(s) = α(s)∗α(sbs∗)α(e)α(s) = α(b)
for every b ∈ B. In particular, ww∗ = 1. Moreover,
w∗w = s∗v∗α(s)α(s)∗vs = s∗v∗vss∗s = s∗es = 1.

Remark 4.9. Note that we can always find isometries as in Proposition 4.8 if (A,B) ∼=
(C∗r (G), C(G
(0))) for an e´tale Hausdorff locally compact second countable topologically princi-
pal groupoid G which is minimal and purely infinite, and that has the property that G(0) is
homeomorphic to the Cantor set, see [16, Proposition 4.11]. In particular, this is the case if
(A,B) ∼= (O2,D2), where D2 is the canonical masa in O2, see [19, § III.2] and [16, Lemma 6.1].
Theorem 4.10. Let (A,B) be as in Proposition 4.8. Let p be a prime number and α : Zp y A
an action. Then the following are equivalent:
(i) B ⊆ A⋊α Zp is not a masa.
(ii) α is exterior equivalent to a Zp-action fixing B pointwise.
Moreover, if B ⊆ A is regular and satisfies the equivalent conditions (i) and (ii), then B is also
regular as a sub-C*-algebra of A⋊α Zp.
Proof. Proposition 4.1 yields that B ⊆ A⋊α Z is not a masa if and only if FB,αk 6= 0 for some
k ∈ {1, · · · , p− 1}. Since p is prime, we may assume that k = 1. By Proposition 4.8 and
Proposition 4.7, there exists an α-cocycle w with the property that αw(b) = b for all b ∈ B.
This shows that (i) implies (ii).
For the other implication, let β : Zp y A be an action as in (ii). Then t ∈ A ⋊β Zp ∩ B′,
showing that B ⊆ A⋊β Zp is not a masa. As α is exterior equivalent to β, A⋊αZp and A⋊β Zp
are isomorphic via an isomorphism fixing A pointwise. Hence, B ⊆ A⋊α Zp is not a masa.
Lastly, the proof of “(ii) implies (i)” also shows that B is regular in A⋊α Zp if it is regular
in A and satisfies (i) and (ii). 
Corollary 4.11. Let (A,B) be a Cartan pair with A nuclear, and assume that (A,B) satisfies
the conditions of Proposition 4.8. Let p be a prime number and α : Zp y A an action. Assume
that there exists an automorphism γ ∈ Aut (A) such that γ(B) is a regular sub-C∗-algebra of
A⋊α Zp. Then A⋊α Zp satisfies the UCT.
Proof. If γ(B) ⊆ A⋊α Zp is a masa, then it is a Cartan subalgebra, and A⋊α Zp satisfies the
UCT by Theorem 3.1. Therefore assume that γ(B) ⊆ A⋊α Zp is not a masa. Since p is prime,
we may assume that FB,γ−1αγ = Fγ(B),α 6= 0. The conjugate action β : Zp y A induced by
β := γ−1αγ has the property that B ⊆ A⋊β Zp is not a masa. By Theorem 4.10, there exists a
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β-cocycle w ∈ A such that βw fixes B pointwise. Thus A⋊α Zp ∼= A⋊βw Zp satisfies the UCT
by Proposition 3.4. 
As a consequence of Corollary 4.11, we obtain the following
Corollary 4.12. Let (A,B) be a Cartan pair with A nuclear, and assume that (A,B) satisfies
the conditions of Proposition 4.8. Let p be a prime number and α : Zp y A an action.
Suppose that there exists an automorphism γ ∈ Aut (A) such that α(γ(B)) = uγ(B)u∗ for some
u ∈ U(A). Then A⋊α Zp satisfies the UCT.
Proof. As α(γ(B)) = uγ(B)u∗, we have that u∗t ∈ NA⋊αZp(γ(B)). Moreover, regularity of
γ(B) in A yields that u ∈ A = C∗(NA(γ(B))) ⊆ C∗(NA⋊αZp(γ(B))). Hence, t = u(u
∗t) ∈
C∗(NA⋊αZp(γ(B))). Using again that γ(B) is regular in A, we conclude that it is also regular
in A⋊α Zp. The claim now follows from Corollary 4.11. 
Remark 4.13. As we mentioned before, Corollary 4.11 and Corollary 4.12 in particular apply
to (A,B) = (O2,D2). This is already of interest since it suffices to prove the UCT for crossed
products of the form O2 ⋊α Zp in order to solve the UCT problem, see [1, Theorem 4.17].
However, also note that by [3, Corollary 3.8], there exist uncountably many masas in On,
n ∈ N, which are outer but not inner conjugate to the canonical masa Dn.
5. On the UCT problem for M2∞-stable C*-algebras
Let (G1,Σ1), ..., (Gn,Σn) be twisted e´tale Hausdorff locally compact second countable topo-
logically principal groupoids, with compact unit spaces Σ
(0)
i = G
(0)
i . Set G := G1 × . . . × Gn
as a topological groupoid. Form Σ := (Σ1 × . . .× Σn) / ∼, where (. . . , zσi, . . . , σj, . . . ) ∼
(. . . , σi, . . . , zσj , . . . ) for all z ∈ T and 1 ≤ i, j ≤ n. Write [σ1, . . . , σn] for the class of
(σ1, . . . , σn) in Σ. It is easy to see that Σ becomes a Hausdorff locally compact second count-
able groupoid via [σ1, . . . , σn] · [τ1, . . . , τn] = [σ1τ1, . . . , σnτn]. Moreover, we have a canonical
T-action given by z[σ1, . . . , σn] := [zσ1, . . . , σn] = . . . = [σ1, . . . , zσn]. It is also easy to see
that the map Σ → G, [σ1, . . . , σn] 7→ (σ˙1, . . . , σ˙n) gives rise to a central groupoid extension
T × G(0) ֌ Σ ։ G, so that (G,Σ) is again a twisted e´tale Hausdorff locally compact second
countable topologically principal groupoid.
Lemma 5.1. We have a canonical identification C∗r (G1,Σ1) ⊗min . . . ⊗min C
∗
r (Gn,Σn)
∼=
−→
C∗r (G,Σ) sending f1 ⊗ . . . ⊗ fn to the function [σ1, . . . , σn] 7→ f(σ1) · · ·f(σn) in Cc(G,Σ), for
fi ∈ Cc(Gi,Σi).
Proof. By induction, it suffices to treat the case n = 2. In that case, let x1 ∈ G
(0)
1 and
x2 ∈ G
(0)
2 be arbitrary, and let πx1, πx2 be the representations of Cc(G1,Σ1), Cc(G2,Σ2) on
the Hilbert spaces Hx1, Hx2 introduced in Section 2. Also, let π(x1,x2) be the representation
of Cc(G,Σ) on H(x1,x2) as in Section 2. A straightforward computation shows that ξ1 ⊗ ξ2 7→
[[σ1, σ2] 7→ ξ(σ1) · ξ(σ2)] extends to a unitary U : Hx1 ⊗ Hx2
∼=
−→ H(x1,x2). In addition, let
fi ∈ Cc(Gi,Σi) and write f for the function [σ1, σ2] 7→ f1(σ1) · f2(σ2) in Cc(G,Σ). Then it is
straightforward to check that U ◦ (πx1(f1)⊗ πx2(f2)) = (π(x1,x2)(f)) ◦U . Our claim follows. 
Let (Gi,Σi), i ∈ N, be twisted e´tale Hausdorff locally compact second countable topologically
principal groupoids with compact unit spaces Σ
(0)
i = G
(0)
i . Form G :=
∏′∞
i=1(Gi, G
(0)
i ). Here,
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we define
∏′∞
i=1(Gi, G
(0)
i ) :=
{
(γi)i ∈
∏∞
i=1Gi: γi ∈ G
(0)
i for almost all i ∈ N
}
. G becomes an
e´tale Hausdorff locally compact second countable topologically principal groupoid with respect
to component-wise multiplication. Form Σ :=
∏′∞
i=1(Σi,Σ
(0)
i )/ ∼, where the restricted product
is defined as above, and (. . . , zσi, . . . , σj , . . . ) ∼ (. . . , σi, . . . , zσj , . . . ) for all z ∈ T and i, j ∈ N.
Write [σi]i for the class of (σi)i in Σ. It is easy to see that Σ becomes a Hausdorff locally compact
second countable groupoid via [σi]i · [τi]i = [σiτi]i. Moreover, we have a canonical T-action given
by z[σ1, σ2, . . . ] := [zσ1, σ2, . . . ] = [σ1, zσ2, . . . ] = . . . . Obviously, the map Σ→ G, [σi]i 7→ (σ˙i)i
yields a central groupoid extension T×G(0)֌ Σ։ G, so that (G,Σ) is again a twisted e´tale
Hausdorff locally compact second countable topologically principal groupoid.
Lemma 5.2. We have a canonical identification
⊗∞
i=1C
∗
r (Gi,Σi)
∼= C∗r (G,Σ).
Proof. In the infinite tensor product
⊗∞
i=1C
∗
r (Gi,Σi), there is a canonical dense sub-*-algebra
given by the algebraic inductive limit of the sub-*-algebras
⊗n
i=1C
∗
r (Gi,Σi), n ∈ N. In
C∗r (G,Σ), we also have a canonical dense sub-*-algebra given by the algebraic inductive limit of
the sub-*-algebras C∗r (G
n,Σn), n ∈ N, where Gn = G1× . . .×Gn and Σn = (Σ1 × . . .× Σn) / ∼
as above. Using Lemma 5.1, the building blocks of these inductive limits can be identified, in
a way compatible with the connecting homomorphisms of the inductive limits. 
In the remainder of this section, we would like to present a reformulation of the UCT problem
for separable, nuclear C*-algebras that are KK-equivalent to their M2∞-stabilization in terms
of Cartan subalgebras and strongly approximately inner Z2-actions of O2. Recall from [8,
Definition 3.6] that a Z2-action β on a unital C
∗-algebra B is called strongly approximately
inner if there exist unitaries un ∈ B, n ∈ N, such that β(un) = un for all n ∈ N and unbu∗n
converges to β(b) for all b ∈ B. To the best of the authors’ knowledge, it is not known whether
all Z2-actions on O2 are strongly approximately inner, see also [8, Remark 4.9 (2)].
We start by recalling Izumi’s symmetry α : Z2 y O2 from [8, Lemma 4.7]. Let e ∈ Ost∞
be a projection with the property that [e] ∈ K0(Ost∞)
∼= Z is a generator. Set v = 2e − 1 and
fix an isomorphism O2 ∼=
⊗
n∈NO
st
∞. We define α to be the unique Z2-action on O2 satisfying
(O2, α) ∼= (
⊗
n∈NO
st
∞,
⊗
n∈NAd (v)). Observe that α is strongly approximately inner.
For an action β : Z2 y B on a unital C*-algebra, we write eβ ∈ B ⋊β Z2 for the projection
eβ :=
1+t
2
, where t ∈ B ⋊β Z2 is the canonical symmetry implementing β.
Lemma 5.3. We have that (K0(O2 ⋊α Z2), [eα]) ∼= (Z[
1
2
], 1).
Proof. Izumi has shown in [8, Lemma 4.7] that K0(O2 ⋊α Z2) ∼= Z[
1
2
]. In fact, O2 ⋊α Z2 ∼=
Ost∞ ⊗M2∞ . Let e and v be as above, and let t˜ ∈ O
st
∞ ⋊Ad (v) Z2 and t ∈ O2 ⋊α Z2 denote the
canonical symmetries implementing Ad (v) and α, respectively. Observe that 1+vt˜
2
and 1−vt˜
2
are
central orthogonal projections in Ost∞ ⋊Ad (v) Z2 with the property that
Ost∞ ⋊Ad (v) Z2 = O
st
∞ ⋊Ad (v) Z2
(
1+vt˜
2
)
⊕Ost∞ ⋊Ad (v) Z2
(
1−vt˜
2
)
∼= Ost∞ ⊕O
st
∞.
From this we conclude that K0(O
st
∞⋊Ad (v)Z2)
∼= Z2 with generators
[
e
(
1+vt˜
2
)]
and
[
e
(
1−vt˜
2
)]
.
We compute
eAd (v) =
1
2
(
1+vt˜+1−vt˜
2
+ v2t˜
)
= 1
2
(
(1 + v)
(
1+vt˜
2
)
+ (1− v)
(
1−vt˜
2
))
=
(
1+v
2
) (
1+vt˜
2
)
+
(
1−v
2
) (
1−vt˜
2
)
= e
(
1+vt˜
2
)
+ (1− e)
(
1−vt˜
2
)
,
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and hence [
eAd (v)
]
=
[
e
(
1+vt˜
2
)]
−
[
e
(
1−vt˜
2
)]
∈ K0(O
st
∞ ⋊Ad (v) Z2).
The canonical ∗-homomorphism Ost∞ ⋊Ad (v) Z2 → O2 ⋊α Z clearly maps eAd (v) to eα. It now
follows from the proof of [8, Lemma 4.7] that (K0(O2 ⋊α Z2), [eα]) ∼= (Z[
1
2
], 1). 
Note that at least a priori, the construction of α depends on the choice of e. However,
combining Lemma 5.3 with Izumi’s classification of outer strongly approximately inner Z2-
actions on O2 (see [8, Theorem 4.8]), we conclude that any other choice would lead to an
action that is conjugate to α. We also get the following characterization of outer strongly
approximately inner Z2-actions on O2 whose associated crossed products satisfy the UCT.
Proposition 5.4. Let β : Z2 y O2 be an outer strongly approximately inner action with the
property that O2 ⋊β Z2 satisfies the UCT. Then there exists a unital, M2∞-absorbing UCT
Kirchberg algebra A and an isomorphism A⊗O2 ∼= O2 such that (A⊗O2, idA ⊗ α) ∼= (O2, β).
Proof. Let A be the unique unital UCT Kirchberg algebra with
(K0(A), [1], K1(A)) ∼= (K0(O2 ⋊β Z2), [eβ], K1(O2 ⋊β Z2)),
which exists by [22, Theorem 3.6] (uniqueness follows from Kirchberg-Phillips classification
[10, 18]). The canonical isomorphism (A⊗O2)⋊idA⊗α Z2
∼=
−→ A⊗ (O2 ⋊α Z2) maps eidA⊗α to
1⊗ eα. By the Ku¨nneth theorem and Lemma 5.3, the induced isomorphism satisfies
(K0((A⊗O2)⋊idA⊗α Z2), [eidA⊗α])
∼= (K0(A)⊗K0(O2 ⋊α Z2), [1]⊗ [eα])
∼= (K0(A)⊗ Z[
1
2
], [1]⊗ 1)
∼= (K0(O2 ⋊β Z2)⊗ Z[
1
2
], [eβ]⊗ 1)
∼= (K0(O2 ⋊β Z2), [eβ]).
The last isomorphism comes from the fact that O2 ⋊β Z2 is M2∞-absorbing, which in turn
follows from [8, Lemma 4.4] and Kirchberg-Phillips classification. As both (A⊗O2)⋊idA⊗α Z2
and O2 ⋊β Z2 are in Cuntz standard form (see [8, proof of Lemma 4.4]) and satisfy the UCT,
Kirchberg-Phillips classification yields an isomorphism φ : (A ⊗ O2) ⋊idA⊗α Z2
∼=
−→ O2 ⋊β Z2
with K0(φ)([eidA⊗α]) = [eβ ]. Hence, by [8, Theorem 4.8 (1)], β is conjugate to idA ⊗ α. 
We draw the following consequence, which, to the best of the authors’ knowledge, is not
documented in the literature.
Corollary 5.5. There exist outer strongly approximately inner Z2-actions on O2 that are co-
cycle conjugate but not conjugate.
Proof. Take unital,M2∞-absorbing UCT Kirchberg algebras A and B, which areKK-equivalent
but not isomorphic (i.e. have different positions of the unit). Then it follows from the proof of
Proposition 5.4 and [8, Theorem 4.8 (1)+(2)] that idA ⊗ α and idB ⊗ α are cocycle conjugate
but not conjugate. 
Let us come back to the Z2-action α onO2. We now show, by carefully choosing the projection
e, that it fixes a Cartan subalgebra of O2 pointwise.
Proposition 5.6. There exists a Cartan subalgebra B ⊆ O2 such that α fixes B pointwise.
Moreover, B can be chosen to be isomorphic to the algebra of continuous functions on the
Cantor set.
16 SELC¸UK BARLAK AND XIN LI
Proof. Let D∞ = C∗(SµS∗µ, 1 : µ ∈ W ) ⊆ O∞, where W denotes the set of finite words in N.
Set p := 1− S1S
∗
1 and e := S2S
∗
2 and note that e, p ∈ D∞. As [p] = 0 ∈ K0(O∞), pO∞p
∼= Ost∞.
Of course, e ≤ p and therefore e ∈ pO∞p. Denote by v := 2e − p ∈ pD∞p. The natural map
K0(pO∞p) → K0(O∞) sends [e] to [e] = [1] ∈ K0(O∞), and therefore [e] ∈ K0(pO∞p) ∼= Z
must be a generator. Thus, α is conjugate to
⊗
N
Ad (v) : Z2 y
⊗
N
pO∞p. Moreover, as
v ∈ pD∞p, Ad (v) fixes pD∞p pointwise. It follows that the action
⊗
N
Ad (v) fixes
⊗
N
pD∞p
pointwise. Note also that (pO∞p, pD∞p) is a Cartan pair, as this is true for (O∞,D∞), see [19,
§ III.2]. The claim now follows from Lemma 5.2. 
Theorem 5.7. Let β : Z2 y O2 be an outer strongly approximately inner action. O2 ⋊β Z2
satisfies the UCT if and only if there exists a Cartan subalgebra B ⊆ O2 which is fixed by β
pointwise.
Proof. Assume that O2 ⋊β Z2 satisfies the UCT. By Proposition 5.6, α fixes some Cartan
subalgebra D ⊆ O2 pointwise. By Proposition 5.4, there exists a unital, M2∞-absorbing UCT
Kirchberg algebra A such that β is conjugate to idA ⊗ α. As A satisfies the UCT, it admits
a Cartan subalgebra C ⊆ A, see Remark 3.3. Then by Lemma 5.1, C ⊗ D ⊆ A ⊗ O2 is a
Cartan subalgebra that gets fixed by idA⊗ α pointwise. This shows that there exists a Cartan
subalgebra B ⊆ O2 that is fixed by β pointwise.
The reverse implication follows from Proposition 3.4. 
Theorem 5.8. The following statements are equivalent:
(i) Every separable, nuclear C*-algebra A that is KK-equivalent to A ⊗M2∞ satisfies the
UCT.
(ii) For every unital, M2∞-absorbing Kirchberg algebra A in Cuntz standard form, there
exists a strongly approximately inner action β : Z2 y O2 and a Cartan subalgebra
B ⊆ O2 such that O2 ⋊β Z2 ∼= A and β fixes B pointwise.
(iii) Every outer strongly approximately inner Z2-action on O2 fixes some Cartan subalgebra
B ⊆ O2 pointwise.
(iv) Every outer strongly approximately inner Z2-action on O2 fixes some Cartan subalgebra
B ⊆ O2 globally.
Proof. Assume that (i) holds and A is as in (ii). Then A is a UCT Kirchberg algebra, and
therefore admits a Cartan subalgebra by Remark 3.3. As A is in Cuntz standard form and
absorbs M2∞ tensorially, we conclude that A ∼= (A ⊗ O2) ⋊idA⊗α Z2. Fix an isomorphism
O2 ∼= A⊗O2, which exists by Kirchberg’s absorption theorem [11], and let β denote the action
corresponding to idA ⊗ α under this identification. By Theorem 5.7, β then has the desired
property and we conclude that (i) implies (ii).
Now assume (ii) and let β be an outer strongly approximately inner Z2-action on O2. Then
O2 ⋊β Z2 is a unital, M2∞-absorbing Kirchberg algebra in Cuntz standard form. By (ii) and
Proposition 3.4, O2⋊βZ2 therefore satisfies the UCT. Claim (iii) now follows from Theorem 5.7.
The implication from (iii) to (iv) is trivial.
Lastly, assume (iv) and let A be a separable, nuclear C*-algebra with the property that it is
KK-equivalent to A⊗M2∞ . Then A is KK-equivalent to a unital, M2∞-absorbing Kirchberg
algebra in Cuntz standard form A′ by [10, Theorem I]. Fix an isomorphism A′ ⊗O2 ∼= O2 and
let β be the unique automorphism corresponding to idA′ ⊗ α under this isomorphism. Then β
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is outer strongly approximately inner and satisfies
O2 ⋊β Z2 ∼= (A
′ ⊗O2)⋊id⊗α Z2 ∼= A
′ ⊗Ost∞ ⊗M2∞
∼= A′.
Thus, there exists an outer strongly approximately inner action β on O2 such that A is KK-
equivalent to O2 ⋊β Z2. Using Proposition 3.4, we therefore conclude that (i) holds. This
concludes the proof. 
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